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Recently, S. MardeSiC and L.R. Rubin have defined approximate inverse systems of compacta. 
In these systems the bonding maps commute only up to certain controlled values. In this paper 
it is shown that such systems are stable in the sense that small perturbations of bonding maps 
yield again an approximate system and do not affect the limit space. In particular, an inverse 
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not be (near) homeomorphisms, but are always refinable maps. 
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1. Approximate and almost commutative systems 
We quote from [5] the two basic definitions. 
Definition 1. An approximate inverse system of metric compacta X = (X,, E,, paas, A) 
consists of the following: A directed ordered set (A, s); for each a E A, a compact 
metric space X, with metric d and a real number E, > 0; for each pair a s a’ from 
A, a mapping pacl9 : X,. + X,, satisfying the following conditions: 
(Al) d(Pa,a2Paza,,Pa,o,)~&a,,~l~u2~u3;Paa=id. 
(A2) (Vu E A)(k’v >0)(3u’z u)(Vu,z a, a a’) d (pm, pa, 02, ~a,,) s 77. 
* This paper was written during June-July of 1987 while S. MardeSiC, on leave from the University 
of Zagreb, was visiting the University of Washington in Seattle. He was partially supported by an 
exchange program between the National Academy of Sciences of the U.S.A. and the Council of Academies 
of Yugoslavia. 
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(A3) (Va E A)(‘G’T >0)(3a’a u)(Va”a a’)(Vx, X’E X,..) 
d(x,x’)~s,,.Jd(p,,,,(x),p,,.,(x’))~ 7. 
We refer to the numbers F, as the meshes of the approximate system X 
Often we will assume that A is cofinite, i.e., every element a’~ A has only a finite 
number of predecessors a c a’. This number is denoted by Ia’1 3 1. 
If n= : HIalA X, --, X,, a E A, denote projections, we define the limit space X = lim X 
and the natural projections p. : X -+ X, as follows. 
Definition 2. A point x = (xu) E nTaiA X, belongs to X = lim X, X = (X,, a,, poaS, A), 
provided, for every a E A, 
(L) x, = lim paa,(x,,). 
a, 
The projections pa : X +X, are given by pa = TV IX. 
Note that the numbers .s, appear only in conditions (Al) and (A3). Their choice 
is delicate, because (Al) prevents them from being too small and (A3) (related to 
uniform continuity) prevents them from being too large. The next definition intro- 
duces a related new concept, where the meshes e, do not make up a part of the 
structure. 
Definition 3. An almost commutative system X = (X,, paa,, A) consists of a directed 
set (A, c), metric compacta X, and maps pna, such that it is possible to associate 
with each a E A an F, > 0 so as to obtain an approximate system as in Definition 1. 
Since Definition 2 does not depend on the meshes .sa, it applies with no changes 
also to almost commutative systems. 
Almost commutative systems retain many nice properties of usual (commutative) 
inverse systems, but are general enough so as to allow expansion theorems, which 
are false in the case of usual systems. We now quote (as propositions) several results 
from [S] and [7]. We state them for almost commutative systems. 
Proposition 1. Every (commutative) inverse system X = (X,, paaS, A) of metric com- 
puctu over a cojinite set A is also an almost commutative system and the limit X, in 
the sense of Definition 2, coincides with the inverse limit in the usual sense (see [5, 
Remark 21). 
Proposition2. ZfX=(X,,p,,., A) is an almost commutative inverse system and B G A 
is a cofinul subset, then the restriction Y = (X,,, pbb., B) is also an almost commutative 
system and the projection rjarA X, + nhtB Xt, induces a homeomorphism of the limit 
spaces (see [7, Proposition 21). 
In particular, if A is finite and a, E A is its maximal element, then the limit X of 
X coincides with X,. This is why we often tacitly assume that A is infinite. 
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Proposition 3. Zf X = (X,, Paa,, A) is an almost commutative system of non-empty 
metric compacta, then the limit X = lim X is a non-empty compact Hausdorff space 
(see [S, Theorems 1 and 21). 
Proposition 4. Let X = (X,, paaS, A) be an almost commutative system. Then, 
for any a E A, pa = lim,, paO,pa,, i.e., lim,, d(p,,,p,,,p,)=O, where d(J;g)= 
sup{d(f(x), g(x)): x E X} (see [5, Lemma 41). 
Proposition 5. Every almost commutative system X = (X,, paoS, A) has the following 
two properties : 
(Bl) Let a e A and let U G X, be an open set such that pa(X) G U. Then there 
exists an a’> a such that p,,(X,.) c U, for any a”> a’. 
(B2) For every open covering %! of X there exists an a E A such that for any a, 2 a 
there exists an open covering V of X,, for which (p,,))‘( Y”) refines %. 
Proposition 5 was proved in [5, Theorem 31 and [7, Theorem 11. Note that 
properties (Bl) and (B2) characterize limits in the case of commutative inverse 
systems (see [6, I, 3 5.2, Remark 51). 
Proposition 6. If in an almost commutative system X all bonding maps paa, are 
surjective, then all projections pa are also surjective (see [7, Corollary I]). 
It was shown in [5, Theorem 51 that every compact Hausdorff space X with 
dim X < n is the limit of an almost commutative system X = (X,, pan,, A), where 
all X, are polyhedra of dimension dim X, s n. An analogous result for p-like 
continua was obtained in [7, Theorem 31. Analogous results for commutative systems 
are false. 
In this paper we establish another property of almost commutative systems, not 
possessed by commutative systems. This is their stability, i.e., the property that 
sufficiently small perturbations of the bonding maps of an almost commutative 
system yield again an almost commutative system with the same limit space (see 
Section 4, Theorem 2). We also consider almost commutative systems whose bonding 
maps are near homeomorphisms. The limit space X of such a system X is also 
obtainable as the limit of an almost commutative system whose bonding maps are 
homeomorphisms (Section 5, Theorem 4). This does not imply that X is homeo- 
morphic with the members X, of X. However, we show (Section 5, Theorem 5) that 
the natural projections pu : X + X, are refinable maps. 
2. Contiguous approximate systems 
In this section we show that nearby approximate systems have homeomorphic 
limits. 
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Theorem 1. Let X =(X,, E,, paa,, A), X’= (X,, E,, pk,,, A) be two approximate sys- 
tems, which difer only in their bonding maps. If 
d(pa,a,, p;,,,) 4 e,, , a, 6 ~2, (2.1) 
then the limits X = lim X and X’ = lim X’ are homeomorphic. More precisely, ifPa : X + 
X,, pb : X’+ X, are the natural projections, then there is a homeomorphism f: X’+ X 
such that 
d(p,f, pb) s e,. (2.2) 
We refer to approximate systems X and X’ satisfying (2.1) as contiguous systems. 
Proof. We will first show that, for any a E A, ( pau,pL,, a, 2 a) is a Cauchy net. 
For a given n > 0 choose a’~ u such that (A2) and (A3) hold for X and in. We 
claim that a,, a, 3 a’ implies 
d(p,qpb,,Pcl,,PlJ~ 7. (2.3) 
Indeed, choose a32 a,, a2 so large that 
d(pb,,,ph,,pb,) G eq, (2.4) 
d(&qPh,, pb,)~ eq, (2.5) 
This is possible by Proposition 4, applied to X’. Note that, by (A3), (2.4) implies 
d(p,qPh,qpb,, PIP;,) ~67. (2.6) 
Furthermore, by (A2), 
d(p,,,p,,,,,p,,,)~~7), (2.7) 
and therefore 
d(p,,,pq.,zL,, pqpb,) S&I. (2.8) 
BY (2.1), 
d(pqq,pb,,,)s eq, (2.9) 
and therefore, 
d(Pa,u,pb,, ~h,,,pb,) s eq. (2.10) 
By (A3), (2.10) implies 
d(p,qpq.,ph,, P,,,P~,,,P~,) <is. (2.11) 
Now, (2.6), (2.11) and (2.8) imply 
d(PqPh, > pm&q) sh. (2.12) 
In the same way we see that 
d(P~~IPh2,PL1~3phj)~377. (2.13) 
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(2.12) and (2.13) yield the desired formula (2.3), which shows that (p,,,ph,, a, Z= a) 
is indeed a Cauchy net. 
This enables us to define maps fa : X’+ X,, a E A, by 
.L = fim L,P~, . 
a1 
(2.14) 
We now claim that for every u E A and r] > 0 there is an a’s a such that for any a, 2 a’ 
d(P,,,.L, ,.L) s rl- (2.15) 
Indeed, choose a’2 a, by (A2) applied to X. Then, for a,2 a, 2 a’, one has 
d(p,,,p,,,zp:,,p,,zph2)~ 17. (2.16) 
(2.15) is obtained from (2.16) by passing to the limit with a,. By Definition 2, (2.15) 
insures that, for any X’E X’, (fa(x’)) E X. Therefore, there is a mapping f: X’+ X 
such that 
~af=.L, a E A. (2.17) 
We now show that f satisfies (2.2). Indeed, (2.1) yields 
d(JLxqph, 9 pba,pb,) s &a, usa,. (2.18) 
Passing to the limit with a, and taking into account (2.14) and Proposition 4 (applied 
to X’), we obtain 
d(fa,~b)~ea, UEA, (2.19) 
(2.17) and (2.19) yield (2.2). 
In order to show that f: X’+ X is a homeomorphism, we also define mappings 
g,:X+X,,uEA, by 
g, =l$~h~~~,,, UEA, (2.20) 
and show that they induce a mapping g: X + X’, which satisfies 
Phg=g,, UEA, (2.21) 
This is done just as in the case of the mappings fa and J To complete the proof it 
suffices to show that gf= lx, and fg = lx. 
We first show that 
d(&f, Pb) s &a, a E A. (2.22) 
We apply (A3) to X’ and 7 = E, to obtain a’> a. Then (2.19), applied to any a, 2 a’, 
yields 
d(PL,.L,, PL,Pb,) s &a, U,~U’. (2.23) 
However, by (2.17) and (2.20), 
firm Pha,fa, = l$y Pim, Pqf = gaf; (2.24) 
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and by Proposition 4 (applied to X’), 
limL,pL, =ph. (2.25) 
a, 
Therefore, (2.22) follows from (2.23) by passing to the limit with u,. By (2.21), 
(2.22) can be rewritten as 
d(pbgA Pb) c so, aEA (2.26) 
We will now show that, for any n > 0 and any a E A, 
d(pbgf ph) 5S 77, (2.27) 
so that P; gf = pb , for all a E A, and therefore gf = lx,. 
For a given a E A, choose a’~ a, by (A3) applied to X’. Then, for any a, 3 a’, 
(2.26) for a, implies 
d(&,,Pb, gJ ph,, Ph,) c 7, a, 3 a’. (2.28) 
Passing to the limit with a,, taking into account Proposition 4 (applied to X’), we 
see that (2.28) yields (2.27). 
The proof that fg = lx is analogous. 0 
Corollary 1. Let X = (Xi, pii+l), X’= (Xi, pi,,,) be two inverse sequences of metric 
compacta and let pii =pii+, . . . pj_lj, p; ‘pii+, . . . pj-, j, i <j. Zf Q > 0 are numbers 
such that 
d(x,x’)s ej3d(pii(x),pli.(x’))~e,/2’, i<j, 
d(x, x’)s s,*d(p:,(x), p:,(x’)) s &i/2/ i<j, 
d(Pii+l~P~i+l)~~ei~ 
then the inverse limits X = lim X, X’ = lim X’ are homeomorphic. 
(2.29) 
(2.30) 
(2.31) 
Proof. X = (Xi, ei,piJ, N) is an approximate inverse system. (Al) and (A2) are 
fulfilled because X is commutative. For a given i EN and n > 0, by (2.29), 
d(x, x’) S Ej*d(P~(x), PijCx’)) s ?J2 (2.32) 
for any j z i’ B i, provided ~~12~‘~ 7. This establishes (A3). The same argument shows 
that X’ = (Xi, sir pb, N) is an approximate system. 
The assertion of Corollary 1 follows from Theorem 1 if we show that 
d(p$,pii)Sei, iCj. (2.33) 
We prove (2.33) by induction on j - i. In the case j - i = 1, (2.33) follows from (2.31). 
Forj-i>l, 
d(P:,,Pij)~d(Pji+lP:+lj,Pii+lPj+lj)+d(Pii+lPj+lj,Pii+lPi+l,). (2.34) 
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By (2.31), the first term on the right-hand side of (2.34) is G&. By the induction 
hypothesis, 
d(Pj+lj,Pi+l,)s &i+l. (2.35) 
This and (2.29) imply that the second term on the right-hand side of (2.34) is also 
1 s T&i. 0 
Remark 1. Corollary 1 is related to Theorem 2 of [2]. 
3. Increasing the meshes in an approximate system 
We will now establish a technical lemma to the effect that in an approximate 
system X = (X,, s,, P~~,, A) one can slightly increase the meshes E, and still have 
an approximate system. 
Lemma 1. LetX=(X,, ~,,p,,~, A) be an approximate system of metric compacta over 
a co$nitesetA. Then thereexist numbers~: > E,, a E A, such thatX’= (X,, EL, paa,, A) 
is also an approximate system. Its limit X’ = X = lim X and the natural projections 
pb : X’ + X, coincide with the projections pa : X + X,. 
Proof. For any pair (a, a,) E A x A, a s a,, consider the mapping d,,, : X,, x X,, + R, 
given by 
d,,,(x, x’) = d(p,,,(x), paa,(x 
For any a, E A put 
(3.1) 
&I = {(x, x’) E X,, xX,, : d(x, x’) G eL2,}. (3.2) 
Clearly, E,, is compact and, therefore, the set d,,,( E,,) has a maximum maa, = 
max(d,,,(E,,)). 
If Iall 2 1 denotes the number of predecessors of a,, then maa, + 1/2’“1’> maa,, 
and therefore, there is a neighborhood U of E,, in X,, XX,, such that 
(x, x’) E U+dd,,,(x, x’) < maa,+ l/2’“,‘. (3.3) 
We claim that there exists a number FL,, > eOl such that 
x,x’~X,,, d(x,x’)~&+x,x’)E U. (3.4) 
Indeed, if one assumes that this is not the case, then one can find two convergent 
sequences x,, XL E X,, such that d(x,, XL) G E,, + l/n, but (x,, xl) E (X,, xX,,)\ U. 
Clearly, the limits x = lim x,, x’ = lim XL satisfy d (x, x’) S E,, , i.e., (x, x’) E E,, c U 
and (x, x’) E (Xal x Xal)\ U, which is a contradiction. 
Using the fact that A is cofinite, we now define E;, by 
&b, =min{sb,,: a<a,}, a,EA. (3.5) 
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It follows from (3.5), (3.4), (3.3) and (3.1) that EL, > E,, and for any a <a,, 
x, X’E xal) d(x, x’) =s &&Jd,,,(X, x’) -c maa,+ l/2’“,‘, Q < a,. (3.6) 
We will now show that X1=(X,, ab,paa,, A) is also an approximate system. 
Property (Al) holds because E,, < ebl. Property (A2) holds because it does not 
involve any meshes. 
In order to establish (A3), for a given a E A and n >O choose ~‘3 a so as to 
satisfy (A3) for X and $7. Moreover, let a’ be so large that 
l/2’“” G fn. (3.7) 
Then, for any a”> a’, 
1/21”“l< @‘I?= ;T. (3.8) 
Moreover, by (A3), 
(y, y’) E E,.Jd,,*(y, y’) s T/2, u”Z a’, (3.9) 
and therefore, 
m -= n/2, a”> a’. aa”- (3.10) 
Now (3.6), (3.8) and (3.10) imply 
d(x, x’) < &;,s Jd(p,,4x), P,,4x’)) = d&,(x, x’) 
< maa”+ l/2’“” < 77, a”3 a’. 
Finally, note that the definition of the limit and the natural projections do not 
depend on the meshes. 
4. The stability theorem 
The following is the main result of this paper. 
Theorem 2. Let X = (X,, paaS, A) be an almost commutative system of metric compuctu 
over a cojinite directed set A. Then there exist numbers S,,,, > 0, a, < u2, such that for 
any choice of maps phlaz: X0,+X,, , such that 
d(ph,,,, paIaz)s kz,,,, u, -C ~2, (4.1) 
X’ = (Xl, Pb,,, A) is also an almost commutative system. Moreover, the 1imitsX = lim X 
and X’ = lim X’ coincide, X’ = X, and so do the natural projections ph = pa : X + X,, 
a E A. 
Proof. Since X is an almost commutative system, there exist numbers E, > 0, a E A, 
such that X=(X,, e,,paaV, A) is an approximate system. By Lemma 1, there exist 
numbers EL > E,, a E A, such that X*=(X,, eh,poaS, A) is also an approximate 
system with limit X and projections pa: X + X,. 
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For every pair a, < a2 we define a number S,,,,? > 0 satisfying the following three 
conditions: 
6 alaI S$ (ch, - &,), (4.2) 
x, x’ E Xq , d(x, x’) s &,a, 
*~d(p,,,(x), P,~,(x’)) Gf(&L - ~1 for all a s aI, (4.3) 
6 alc12 =G l/Z’“k (4.4) 
To satisfy (4.3), one uses uniform continuity of the maps pllu, and the fact that a, 
has only finitely many predecessors a. 
We will now show that, for any choice of maps p&0*: X,,+ X,, satisfying (4.1), 
X’= (X=, &b, PL, A) is an approximate system. 
We first prove (Al) for X’, i.e., we show that, for any a, < a,< a3, one has 
d(Pb,,,Ph,,,, P&J =S &bl. (4.5) 
To this effect, notice that (4.1) and (4.2) imply 
d(Pb,,J&,, PqlIZPh2a3) +(&h, - cq). (4.6) 
Formula (4.1) (for a2 < ax) and formula (4.3) (applied to a, < a2 < as) yield 
d(Pq&&q? PqqPqJ G(&b, -c&J. (4.7) 
By (Al) for X one has 
d(PqqP,,,,, Pqq) s cq. (4.8) 
Finally, by (4.1) and (4.2) 
d(JL,,,, Pb+J =G(sb, - Cl,). (4.9) 
(4.6), (4.7), (4.8) and (4.9) yield the desired formula (4.5) 
We will now prove (A2) for X’. For a given a E A, 7 > 0, choose a’ 2 a so that 
(A2) and (A3) hold for n/4 and the approximate system X* = (X,, EL, paa,, A). 
Moreover, let 
l/2’“” S&_ (4.10) 
We claim that for any a,> a, > a’ one has 
d(PL,Ph,,,, PLJ s 77. (4.11) 
By (4.1), (4.4) and (4.10), 
d(Ph,,Pb,,,,P,,,Ph,,,) 477. (4.12) 
By (4.1) and (4.2), 
d(Ph,a,, Pa,aJ s Eb,. (4.13) 
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Hence, by the choice of a’ (property (A3)), 
d(PClqPh,,,, PC!qPa,q)&?. (4.14) 
Also, by the choice of a’ (property (A2)). 
d(P,,,P,,,,, Pnoz)+7- (4.15) 
Finally, by (4.1), (4.4) and (4.10), 
d(P,,,, PL,)+?. (4.16) 
Now, (4.12), (4.14), (4.15) and (4.16) yield the desired formula (4.11). 
In order to prove (A3) for X’, for given a E A and n > 0 choose a”- a such that 
(A3) holds for fn and X”. Moreover, let 
l/2’“” S 47. (4.17) 
We claim that a”2 a’ and d(x, x’) s FL., implies 
d(PL(X), phadx’)) s 17. (4.18) 
By the choice of a’, 
d(x,x’)~&h,,3d(p,,,,(x),p,ll,,(X’))~frl. (4.19) 
Moreover, by (4.1), (4.4) and (4.17), 
d(Pbd(X), Pad,(x)) si17, (4.20) 
d(Phd(-c Pad(X’)) Gf77. (4.21) 
Formulae (4.20), (4.19) and (4.21) yield the desired formula (4.18). 
Now note that, for any pair a, < aZ, (4.1) and (4.2) imply 
d(PL,a,, Pa,,,) G dq. (4.22) 
We are now able to apply Theorem 1 to X” and X’. We obtain a homeomorphism 
f: X’+ X satisfying 
d(paf,pb)~~h, SEA. (4.23) 
We will show that, actually 
paf=pb, aEA. (4.24) 
It suffices to show that for any n > 0 one has 
d(Paf, Pb) c 77. (4.25) 
For this purpose choose a’ 3 a so large that 
1/2’“‘k&j 3 (4.26) 
that a’ satisfies (A3) for $7 and X’, and that 
d(Pm,Pa,f; Paf)~h a12 a’, (4.27) 
d(Pba,Pb,, Pb)~h a, 2 a’. (4.28) 
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Note that (4.27) and (4.28) are consequences of Proposition 4, applied to X* and 
X’. By (4.23) (applied to a,), we obtain 
(4.29) 
Moreover, by (4.1), (4.4) and (4.26), we have 
d(&,&f, Pb,,P,,f)C I/2’“1’&. (4.30) 
Now (4.27), (4.30), (4.29) and (4.28) yield (4.25). 
Recall that pa = rrUIX and P; = r,lX’. Therefore, (4.24) becomes 
n&x’) = na(x’), x’ E X’, a E A. (4.31) 
Since (4.31) holds for all a E A, we conclude thatf(x’) =x’, for all X’E X’. However, 
f(x’) E X, which proves that X’E X’ implies X’E X, i.e., X’E X. In the same way, 
using the inverse g = f -‘: X -+ X’, one can show that X G X’. Consequently, X’ = X 
and pk = pa=n-ajX,a~A. q 
Remark 2. Theorem 2 applies also to commutative systems X. However, the obtained 
system X’, in general, is only almost commutative. 
Remark 3. One is tempted to conjecture that every inverse sequence of metric 
compacta X = (X,, p, ;+,) admits a sequence of numbers wi > 0 such that for any 
choice of mappings pi,+,; Xi+, -+ Xi, satisfying 
d(Pi,+, 7 Pi,+,) s w,, (4.32) 
the limit X’ of the sequence X’= (Xi, pi,,,) coincides with or is homeomorphic to 
X = lim X. However, this is false as demonstrated by the following simple example. 
Example 1. Let S’ = {z E C: /zI = l} be the unit sphere having the point 1 as its 
base-point. Let Z = vy=‘=, S, be the Hawaiian earring, i.e., the wedge of a sequence 
of copies S, of S’. We view Z as embedded in fly==, S, and endow it with the usual 
product metric. 
Let X, = Z and let each pi ;+,: Xi+, -Xi be the identity mapping lz. Then X= 
(X,, pi,+,) is an inverse sequence of metric compacta with limit X = Z. 
We will now show that for any sequence of numbers w, > 0 one can choose maps 
pii+,: X,+,-X,, such that (4.32) holds, but X’=limX’, X’= (X,,pi,+,), is not 
homeomorphic to X. 
It suffices to prove the assertion under the additional assumption that w, 2 w2 2 
. . . . For each i choose an integer nj so large that 
diam S,, d +w,. (4.33) 
One can assume that n, > n, > . . . We now define maps pi,+,: Z + Z by putting 
Pii,l(X) = 
{ 
x 
ifxES,, jfni+l, 
h(x) ifxE S,,,,; 
(4.34) 
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here +i maps S,,,, to S,,, and is given by 4i( t) = t*. Note that (4.32) holds. Indeed, 
if xESj,j#ni+,, then d(Pji+,(X), Pii+l(x))=d(x,X)=O. If XE&+,, then 
d(pli+,(x), pii+l(X)) = d(4i(x), x) sdiam SnL +diam S,,,+, 
s ;wi +;wi** G wi. (4.35) 
NOW put Yi = S,,, G 2 and note that Y = (Yi, pii+,) is an inverse sequence whose 
limit Y is the dyadic solenoid, because pi i+ll y+l = $i: S’ -+ S’, +i( t) = t*. It is well 
known that the solenoid Y does not embed in the plane (and is not locally connected). 
Since X’ = lim X’ contains Y, it does not embed in the plane (and is not hereditarily 
locally connected). On the other hand, the Hawaiian earring is a planar continuum 
(and is hereditarily locally connected). Therefore, X and X’ cannot be homeo- 
morphic. 
5. Approximate systems of near homeomorphisms 
For compact metric spaces X’, X” let Map( X’, X”) denote the space of continuous 
maps f: X’+ X” with the metric d( f; g) = sup(d( f(x), g(x))). The following result 
is a consequence of Theorem 2. 
Theorem 3. Let X = (X,, pea,, A) be a cojinite almost commutative system of metric 
compacta. For each pair a < a’ let M,,, E Map(X,,, X,) be a set, such that paaS E 
Cl( M,,,); also let the identity map lx, E M,,. Then there exists an almost commutative 
system X’ = (X,, pb,,, A), such that ph,, E M,,,, the limits X’= lim X’, X = lim X 
coincide, X’= X, and the natural projections coincide, p: =par a E A. 
Proof. By Definition 3, there exist numbers E, > 0 such that X = (X,, E,, paa,, A) is 
an approximate inverse system. Choose numbers S,,,, > 0, a, < a,, as in Theorem 
2. Since paa,~ Cl( M,,.), it is possible to choose maps pb,,~ M,,,, a < a’, such that 
d(pb,s, PC&) s &I,~. Then X’= (X,, ph,., A) is an almost commutative system, X’ = X 
andph=p,,aEA. Cl 
Remark 4. This result is analogous to Theorem 3 of [2], which we state as follows. 
Corollary 2. Let X = (X,, piitl) be an inverse sequence of metric compacta and let 
Mi c Map(X,+, , X,) be sets such that pi i+, E Cl Mi. Then there is an inverse sequence 
X’ = (Xi, pii+,) such that pi,,, E Mi and the limits X’ = lim X’ and X = lim X are 
homeomorphic. 
Proof. By Corollary 1, it suffices to define numbers &i > 0 and maps pi i+, E M, such 
that (2.29)-(2.31) hold. This is done by induction on i. Assume that we have already 
defined Ed, . . . , Ed and pi i+, , i S k - 1. Since pkk+l E Cl( Mk), there exists a mapping 
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pLk+, E Mk such that d(pLk+, , pkk+,) 4$&k. We now consider the maps pik+l= 
Piitl’ * 
I I 
*pkk+l~pik+l=Pii+l ‘. . pLk+, , i S k. By their uniform continuity, there is a 
number &k+l > 0 so small that d (x, x’) s &k+, implies 
d(Plk+l(X), pik+l(X’)) d &i/2kt’, 
Definition 4. A mappingf: X + Y between metric compacta is called a near homeo- 
morphism provided f~ Cl( H(X, Y)), where H(X, Y) c Map(X, Y) is the set of all 
homeomorphisms of X onto Y Clearly, the existence of a near homeomorphism 
f: X+ Y implies that X and Y are homeomorphic. 
Theorem 4. Let X = (X,, paaS, A) be a cofmite almost commutative system of metric 
compact. If all pOaS are near homeomorphisms, then there exists an almost commutative 
system X’= (X,, pb,,, A) such that all the bonding maps ph,, are homeomorphisms, 
the limit spaces X’ = lim X’ and X = lim X coincide, X’ = X, and so do the natural 
projections, pb = pa. 
Proof. Apply Theorem 3 to the case M,,!= H(X,., X,). 0 
Theorem 4 is an analogue of the well-known M. Brown theorem [2, Theorem 41, 
which we now state and prove. 
Corollary 3. Let X = (Xi, p, i+,) be an inverse sequence of metric compacta all of whose 
bonding maps are near homeomorphisms. Then X = lim X is homeomorphic to any of 
the spaces X,. 
Proof. Corollary 2 yields an inverse sequence X’= (Xi, pii+,), where all the bonding 
maps are homeomorphisms and X’ = lim X’ is homeomorphic with X = lim X. Since 
X’ is homeomorphic with every term Xi of X’, so is X. 0 
Remark 5. Recently, F. D. Ancel has given a new proof of Brown’s theorem [l]. 
Remark 6. In contradistinction to the case of a sequence (see Corollary 3), in 
Theorem 4 one cannot assert that the limit space X is homeomorphic to the spaces 
X,. Namely, it is easy to define cotinite inverse systems of metric compacta X,, 
whose bonding maps are near homeomorphisms, but X = lim X is a nonmetrizable 
space and therefore, it cannot be homeomorphic to any of the terms X,. We now 
describe such an example. 
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Example 2. Let A be the set of all finite subsets of the unit interval I = [0, 11. We 
order A by inclusion G. For a = {t,, . . . , tk} E A, we put 
X,=lxOu ij (fiXI)~IXI. (5.1) 
i=l 
Ordering X, lexicographically, we obtain an ordered space homeomorphic to I. If 
aSa’={&,..., tks}, we define paa,: X,. + X, by pa,,( t, 0) = t, t E I; p,,)( ti, s) = ti, i E 
(1,. . ., k’}, s E I. Clearly, each paaS is a near homeomorphism and X = (X,, paa., A) 
is a cofinite inverse system. The limit X of X is a nonmetrizable ordered continuum, 
because it admits uncountable collections of disjoint nonempty open sets. Such a 
collection is given by the sets (ptl,)-‘(Int(t x I)), where t ranges over I. 
Remark 7. Example 2 shows that Theorems 3 and 4 are false if one replaces almost 
commutative systems by commutative systems. 
Remark 8. Concerning Theorem 2 and commutative systems X=(X,, pa,,, A), 
Example 2 shows that it is not possible to find numbers S,,,> 0, a < a’, with the 
following property: If X’= (X,, pb,,, A) is a commutative system and d ( pb12., p,,.) s 
6 UCZ’, then the limits X’ = lim X’ and X = lim X are homeomorphic spaces. 
Remark9. IfX = (X,, paaS, A) is an almost commutative system all of whose bonding 
maps are homeomorphisms, one cannot conclude that the projections pril: X + X, 
are homeomorphisms or near homeomorphisms. Indeed, assume that this is the 
case and consider X from Example 2. Then Theorem 4 yields an approximate system 
X’ with homeomorphisms as bonding mappings and X’ = X. The assumption would 
imply that X =X,, which is not the case. 
To obtain a positive result on approximate systems having homeomorphisms as 
bonding maps, we need an extension of the definition of a refinable map, originally 
defined for maps between metric compacta [3] (see [4]). 
Definition 5. Let f: X+ Y be a mapping between compact Hausdorff spaces. We 
say that f is refinable provided it is onto and for arbitrary open coverings % of X 
and 7f of Y there is an onto mapping g: X + Y such that g is a Q-mapping (i.e., 
sets g-‘(v), y E Y, refine %) and the maps f and g are V-near (i.e., sets 
tf(x),s(x)l,xEX, refine vlr). 
Our notion of refinable map applies also to maps between a non-metric and a 
metric compact space. Note that maps, which are near homeomorphisms, are 
refinable. 
Theorem 5. Let X = (x,, pan,, A) be an almost commutative system of metric compacta 
with limit X. If all poar are near homeomorphisms (homeomorphisms), then all the 
projections pa : X + X, are rejinable mappings. 
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Proof. Since the bonding mappings paa. are surjective, so are the projections pa: X + 
X, (see Proposition 6). Given an open covering Q of X and an n > 0, we must 
produce a surjective map g: X + X, such that d(p,, g) s n and (g-‘(y), y E X,) 
refines Ou. By Proposition 5 (property (B2)), there is an index a’~ a and an open 
covering V of X,, such that pi?(Yf) refines Ou. By Proposition 4, one can achieve 
that d( pa, paa,pu,) c $7. Since paa, is a near homeomorphism, there exists a homeo- 
morphism pbas: X,. +X0 such that d(ph,,, pa,,) sir] and, therefore, d( pa, p:,, p,,) c 
7. We now put g =ph,.p,.. Since p:,, and pa, are surjections, so is g: X+X,. 
Moreover, for any y E X,, g-‘(y) = (p,,)-‘(z), where z = (~:,,)~‘(y). Clearly, z E V 
and (P,,)~‘(z) G (pa.)-‘( V) L U, for some VE 7~‘” and some U E %!. This proves that 
pa is indeed a refinable mapping. 0 
Remark 10. If the compacta X, in Theorem 5 are calm (e.g., if the X, are FANR’s 
or polyhedra), then the projections pa: X + X, induce shape equivalences. This is 
an immediate consequence of Theorem 5 and of [4, Corollary 21. 
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